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SUMMARY 

ASPECTS OF MECHANICAL BEHAVIOR OF ROCK UNDER STATIC LOADING 

PART A 

Summary of Work to Late 

Brazilian tests were carried out on three rocks (dacite. Valders 

limestone, and St.  Cloud gray granodiorite) to determine size-tensile 

strength dependence.   Plots of tensile strength versus specimen 

dimension (length or diameter) are shown in Chapter 1.    It was concluded 

that there is a size effect on tensile strength; in Brazilian test, this 

effect is governed mainly by the position and orientation of the internal 

flaws relative to the loaded diametral plane rather than by the extent 

and number of the flaws. 
A two-dimensional computer program simulating the Brazilian test 

has been completed.   The program employs four-sided. isoparametric 

elements and is based on the same failure criteria described in the first 

annual progress report.   The present p -ogram. however, is more 

efficient and contains several features not found in the first program. 

Test runs have proven that the program can predict accurately the 

progression of failure in Brazilian test and. to a lesser extent, the 

correlation of load and displacement. 
Development of a program employing both two-dimensional and 

three-dimensional elements has started.   The program will be based on 

more realistic failure criterion and will take into account rock anisotropy. 

Most of the writing of the program has been done and debuggi.ig of the 

program is in progress. 

ii 
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Future Work 

[\ Development of the combined two- or thre.-dimen.ional program 
will continue.   Several examples will be run to check »he correctnees 
o- the program. 

iii 
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CHAPTER 1 

SIZE EFFECT ON BRAZILIAN TEST 

i«1    Introduction 

from I h     r6" aPPlying ^^ 0f meCha"iCal Pr°P*T'i** * ~*- *t—d ^ Ub«^ te,ts .„ acua. proWem8. „ is essential for reasons ^ 

safety and economy .hat Si2e effect, »any. be established.   A desi-tn   for 
exan.p.e   that does not «. into account siM effect could be JaT. .' 

fact   s.» effect «ists.   O, .he other hand, a design bssed on the exist- 
ence of si2e effec. con.d be over., conservative if no such effee. els 

determine s^T COn8iderabIe ****™™ work has been undertaken to 

Zln in rOCk8' ,he flndingS ha™ S» '" "- 'inclusive 
and often contradictory,   m tests to study sUe-strength dependence   .t has 
^en observed ,2, that, with increasing s.e. stre^th either ,a, deer   ses 

IT    dT T** 0r ,e) i,,CreaSeS-   A ^ ^ "^ of 
«»se widely divergent size effect, was offered by Koiftnsn ,3).   „e hypo- 

ZZr T T*18 governed by two *—• -^— 
nternal mperfections which he caUed "volume" factor and "changes in the 

surface layers, brought about by mechanical, physical or chemical action 
or by influences of the environment" which he cal.ed "surface" factor 

Koiftnan claimed that with increased size, strength win decrease „hen the 

volume-factor is dominant, could increase if the "surface" factor . 
domma«. or will remain the same if the two factors balance each other 

He went on to say that under tensile stresses the "volume" factor will always 
prevail and hence, the strength of the rock wil! always decrease with in 

creasmg size.   He based his argument on the assumption that the „umber 
and e.ten. * the internsl flaws increases with size.   Although this 

assumption has a statistical basis, it might not be valid in actual situations. 



.. 
2 

Indeed, in rock masses where nonhomogeneity occurs more often that not 

a sample taken from a relatively defect-free region could easily contain 

much fewer structural defects than smaller skmples taken from other 

regions not quite as defect-free.   This is particularly true for small-size 

samples such as those used in laboratory tests.    Furthermore, in Brazilian 

tcpts the tensile strength could be much more sensitive to the position 

and orientation of the structural defects relative to the loading axis than 

the number and extent of these defects.   Thus, in Brazilian tests at least, 

the possibility of strength increasing with size should not be ruled out. 

Several investigators (2, 3) have reported such a size-strength variation. 

In tha present study, an attempt will te made to correlate speci- 

men size and tensile strength as obtained from Brazilian test.   Three types of 

rocks were tested.   These are Valders limestone, St.  Cloud gray grano- 

diorite, and dacite. 

1.2    Experimental Procedure and Results 

The tests were carried out on a MB Universal Testing Machine 

(Fig. 1.1) according to the procedure described in the first annual progress 

report (I).   The specimens were I", 2" and 3" in diameter and 1/2", 1' and 

2" in length (or thickness), with all nine possible combinations of length 

and diameter represented.   The specimens were tested in random order and 

without due regard as to which diametral axis would be loaded.   At least 

three samples of each size were tested.   A typical Brazilian test set-up 

is shown in Fig. 1.2. 

Two modes of testing, namely, stress-controlled mode and strain- 

controlled mode, were used.    In the stress-controlled mode, the load is 

applied at a predetermined constant rate of approximately 100 pounds per 

second.   In the strain-controlled mode, the load is applied at a varying 

rate depending on the lateral strain at the center of the specimen.    In the 

latter mode the load can be reduced faster than the specimen breaks thus 

avoiding the catastrophic failure which characterizes stress-controlled tests, 



Figure l.l The MH [inivor al Trsting Machine 
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Figure 1.2 Bra/ ' 



It is thus possible to obtain complete stress-strain curves in strain- 
controlled tests. 

To make the two loading modes equivalent during the early stage 

of loading, the strain-controlled mode was programmed to provide a maxi- 

mum strain of 10, 000 micro-inch per inch in 800 seconds.   This rate,  it 

was estimated,  is approximately equal to the 100 lbs. /sec, rate used in 

the stress-controlled mode. 

Plots of tensile strength (o ) versus specimen dimensions for all 

rocks are shown in Figs. 1. 3 through 1,14.   The curves were plotted on the 

basis of the equation, 
9       B 2       i 

tft = GjL ^ D   " 

in which L is length; D is diameter; and   0., 8 , and 8   are constant para- 

meters.   The values of the constant parameters corresponding to the 

condition of "best fit" can be obtained by means of a statistical procedure 

called regression analysis (5). 

1,3   Discussion of Results 

All kinds of strength-size variation are shown in the plots.    In the 

harder rocks (St. Cloud gray granodiorite and Valders limestone in some 

cases) there appears to be a definite correlation between size and strength. 

Some agree with Koifman's prediction.   The apparent absence of definite 

pattern of the size-strength relationship in the other plots could be attributed 

to one or a combination of the following: 

(a) The size differences between the specimens were not large 
enough. 

(b) Not enough samples were tested for certain sizes parti- 
cularly in strain-controlled tests. 

(c) Valders limestone and dacite are not nearly homogonous 
and Isotropie as first thought. The tensile strength was, 
therefore, affected more by the position and orientation 
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of the internal structural defects with respect to the 
loaded diametral plane than by the number and extent 
of said defects.   This also explains   the scattering of 
the data points. 

1.4    Conclusions 

There is definitely a size effect on tensile strength.   In 

Brazilian tests, the size effect will be governed mainly by the position 

and orientation of the internal defects relative to the loaded diametral 

plane rather than by the extent and number of the defects.   For this reason, 

the Brazilian test is not a good basis for studying size-tensile strength 

dependence unless care is taken to consistently load the specimens clong 

the same diametral plane.   The splitting test described by Koiftnan (6) 
appears to be a better alternative. 

The size difference between the specimens used in this study 

was not large enough to predict a definite pattern of size-strength relation- 

ship especially in the case of the soft rocks.   Future tests should include 
larger specimens. 
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CHAPTER 2 

FINITE ELEMENT SIMUIATIQN OF BRAZILIAN TEST 

2. 1     Introduction 

A theoretical version of the BrazUian test employing the finite element 

technique is described in this chapter.   In connection with the proposed 

method, development of a highly efficient computer program which will be 

based on both three-dimensional and two-dimensional elements and which 

will account for material anisotropy as well as nonhomogeneity is now under- 

way.   A two-dimensional program which takes into account nonhomogeneity 

but not anisotropy has already been developed and will be described in the 

next chapter. 
In the treatment of nonhomogeneous problems,  the basic idea suggested 

in the first annual report will be used;   that is, elastic properties will be 

assigned randomly to each element by means of a random number generating 

routine.   Other failure criteria not touched in the first annual report will be 

invesügated.   It has been experimentally demonstrated (1) that although 

rock is essentially a brittle ma^rial, it attains an unusually high degree of 

ductility when subjected to high confining pressures.    This phenomenon, 

however, is vaguely defined in literature and will, therefore,  be taken into 

account only approximately when considering post-failure behavior of elements. 

In writing this report,  it is assumed that the reader is familiar with 

the basic principles of matrix algebra and the finite element method.    No 

attempt will be made to rederive equations which have already been derived 

in previous publications. 

2.2     Formulation of Essential Matrices f»r Three-Dimensional Elements 

In the finite element method of analysis, the whole structural system 

is idealized as an assemblage of elements which are connected to one another 

only at a discrete number of nodal points.    The nodal displacements are the 
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(a)    Homogeneous and Isotropie 

(b)    Nonhomogeneous 

Willi' 

(c)   Homogeneous and anisotroplc 

FIGURE 2. 1    Material Properties Considered In Analysis 
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basic unknown quanüties of the method upon which the displacement pattern 

and therefore the stresses within the boundaries of the element depend.   To 

facilitate the calculation of the element stiffness properties, a set of dis- 

placement functions, usually polynomials, are assumed.    These functions 

uniquely define the deformationc allowed within an element in terms of the 

nodal displacements. 

In this study, the Brazilian test specimen is divided by imaginary 

annular surfaces and radial planes into elements of the kind shown in Fig.  2. 2. 

The comer points of the elements are designated as the nodal points.   Eight- 

term linear polynomials are used to represent the radial (u).  circumferential 

(v),  and axial (w) displacements within an element.   Thus 
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1   r'   0'  r'O'  z'     r'z' 0'«' 

0 

0 

r'O'z* 

(2.1) 

'««J 
where aj, a2, , a24 are the constant coefficients of the polynomials 

and (r', 0', z') are local dlmensionless cylindrical coordinates which range in 

value from -1 to +1 within an element   The global cylindrical coordinates 

(r, 0, z) are related to the local coordinates as follows: 

r = r   + r r' o      s 
0   =   0   +0 0' 

o       s 
z  =   z   + z z' 

o       s 

(2.2) 

wh "ro fro' V Zo) are the global coordinates of the origin of the local coordin- 

ate axes and 2rs, 20g and 2zg are the side dimensions of Jie element (see 
Fig.   2.3). 
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(a)   Two dlmersional element 

(b)  Three-dimensional element 

FIGURE 2. 2    Element Models With Lcoal Node Numbers Indicated 
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u 

FIGURE 2. 3    Relationship Between Globai and Local Coordinates 
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To obtain the displacements at any node i, one merely substitutes 

into eq.   (2. 1) the appropriate nodal coordinates, that is. 

Ui  =   al + a2rl + a3Öi + a4riei + 

vi ■ a9+aior;+aiie;+ai2riö;+ (2.3) 

wi= ai7+ai8r; + ai9e; + a2oriei + 

where r:, 9', z'. are equal to +1 or -1. Thus, if (xj denotes the nodal dis- 

placement vector lu. v. w u v2  Vg Wg) and (a) the constant co- 

efficient array, then 

U)   =   [c]  (a) (2.4) 

The matrix [c] is shown in Table 2. 1.    It can easily be verified that 

[c] 
-1 1 r   iT gCc] 

From the equations for the components of strain at a point, 

er 

{€)«- *   = 

rre 

rz 

rez 

r du 
dr 
u bv 
T + roe 
dw 
dz 
b\x bv 
röe dr 
du dw 
öz dr 
öv öw_ 
dz rdö 

one obtains, with the aid of eqs.   (2. i) and (2. 2), the relaücnship 

U)   =   [q]  (a) 

where the elements of [q] are listed in Table 2. 2. 

The stress components are related to the strain components by the 

elasticity matrix [D], that is 

(d)   =   [D]  U) 

where,  for the Isotropie case 

U. 5) 

(2.6) 

(2.7) 

(2.8) 

The symbol { ) denotes column matrices while [ ] denotes all other matrices. 
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ED] 

SLzjim JE vE 
(1 + v)(l - 2v)     (1 + v)(l - 2v)     U + v) (1 - 2v) 

<1 - v)E vE 
(l+v)(l-2v)     (l+v)(l-2v) 

(l+v)(l -2v) 

Symmetric 

0      0      0 

0      0      0 

0      0      0 

GOO 

G      0 

G 

E   =    modulus of elasticity 

v   =    Poisson's ratio 

G  ■    shear modulus 2(1 +v) 
and 

(O)    ■     {Or   09   02    T^    Trz    T^I (see Fig.  2. 5) 

The formulation of [D] for the case where the material is anlsotropic 

requires added consideration.    Let 1. 2. 3 be the axes of anistropy (assumed 

mutually perpendicular) and «r a2. a3 the angles which define the orientation 

of these axes.   To understand more clearly the significance of the parameters 

a . ot . a . a step-by-step rotation of the axes 1. 2. 3 to their actual posiUons 

is illustrated in Fig. 2. 4.   Let axes 2, 3 lie in the plane ABCD.   In Fig.  2. 4a, 

axis 3 and plane ABCD are initially positioned parallel to the Z-axis of the 

element, o1 being the angle which plane ABCD makes with the radial plane 

passing through the central point of the element   In Fig.  2. 4b. plane ABCD 

is rotated an angle a2 about axis 2 to A'B'C'D'.   Figure 2. 4c shows the actual 

orientation of axes 1. 2. 3 arrived at by rotating axes 2. 3 an angle o3 in their 

own plane (A'B'C'D').   It should be noted that if material properties do not 

vary in the plane of 2, 3. then o3 can be arbitrarily set to any valu«».  say zero. 

The stress-strain relations for general anisotropy are given in the 

theory of elasticity as 
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12 

13 

r23 

"l   "^ 2       U1303 
El            E2 E3 

V120l 
E2 

0 2        v2303 
E2             E3 

E3 

U?302  t   03 
E3           E3 

1 
G12   T12 

1 
G13   Tl3 

1 
G23   TM 

(2.9) 

where the subscripts refer to the directions of anlsotropy defined in the pre- 

ceding paragraph.   Solving for the stresses and writing the resulting equations 
in matrix form, one obtains 

where 
io')   =   [D]   {€') 

lö,)   =   {01   02   03   012   013   023, 

(€')   =   {. 1   c2 
and 

€3  712  T13  'Y23, 

[D']"1 

12. 
E2 

1 

E3 
V23 
E 0 E3 

J-      0 

12 

Symmetric 
13 

1 

^23 

(2. 10) 
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Ü 

U 

-1 — 1 1 _ 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 -1 • -1 -1 -1 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 1 • -1 • -1 -1 -1 
.I 1 m 1 1 _1 0 c 0 0 0 

0 a -1 -1 -1 -1 0 0 0 

0 0 0 1 -1 1 -1 ■ -1 -1 

1 m 1 -1 ■ 1 _1 0 0 0 0 

ü 0 -1 -1 -1 -1 0 0 0 

0 0 0 1 1 1 -1 -1 -1 -1 

-1 a 1 m 1 -1 0 0 0 0 

0 0 -X -1 -1 -1 0 0 0 

0 0 0 1 1 -1 -1 -1 -1 
— T -1 -1 _2 0 0 0 0 

0 0 -1 -1 1 -1 -1 0 0 0 

0 0 0 0 1 -1 -1 -1 — 1 

1 — 1 -1 _1 0 ü 0 0 

0 0 -1 -1 1 -1 -1 0 0 0 

0 0 0 1 -1 1 -1 -1 — 1 

1 1 0 0 0 0 

0 0 1 0 0 0 

0 0 0 1 1 1 

-1 — 1 1 — 1 — 1 0 0 0 0 

0 0 0 0 0 0 0 0 -1 -1 1 -1 -1 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 -1 -1 — 1 m X 

Table 2.1   The Matrix fc] 
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u 

^^^^J^    y   J-   / 

(b) 

•   ^L 

(0 

FIGURE 2. 4    Step-by-step Orientation of Axes of Anisotrop/ 
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FIGURE 2. 5    Positive Direction of Stresses and Displacements 
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An e^uon eo^cun, - s.ess vector, U   -  «■   «n te o*Mn.a 

^ co„,lder8Uon o, eoulU^un of ^e te.ahedron she«. * "»j;^-- 

for .»„p.. the susses 0, ,„ - T9z - »n ^ «-- -"•»* 

Further.nore. let (t2l, t^. .„),  *lVhrW ^ ^f.f u anba 
dlrecUon cosines of these stresses releüve to the axes I. 2. 3.   » cen he 
Zu thet the counts o, stress acUng on the pUne ABC end pereUM to 

the coordinate axes 1, 2. 3 are 

Rl   "   0lt21 + T12t22 + ,r13t23 
R2  '    T12t21+02t22 + T23t23 

(2. ID 

R3   " 'wHi^^Hi40»^ 
- «     T    and T     can then be calculated to be The stress components a%, TTQ ana TQZ ^ 

öe " Rlt21 + Vll + ^23 
Tr9= Ritll + R2t12 + R3t13 
TOz=   Rlt31 + R2t32 + R3t33 

(2. 12) 

.        J *^ ^     n   and T    resulting in the general 
Similar expressions can be derived for c f oz and Trz 

relationship #2 13) 
(o)   =   [T] lo') 

ln which [Tl is a stress transformation matrix (Table 2. 3).   It can be shown 

[D]  = rTi [D.HT3T <2-14> 

The table of direction cosines is given below: 

Axes 1 n 3 

R hi hi «13 

e Hi hi h» 
z Hi '32 SJ 

where 
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t cos o2 sin(al - 6^') 

t21   =    - cos o2 cosfej - 6^*) 

Si   =    "Sina2 

t      =    cos a3 costej - 0g9,) + sin o3 sin o2 sin^ - 0se,) 

t22  =   cos o3 sln(o1 - ege') - sin Og sin a2 cos(a1 - es9') (2. IS) 

Si  =   Sln 03 COS a2 
t      =   cos o3 sin o2 sinfoj - Oge') - sin o3 costej - 8^') 

t23  =    - cos o3 sin o2 cosCoj - 9g9') - sLi a3 sin(a1 - 6^9') 

Sj  =   C08 a3 C0S a2 
The stiffness matrix of an element is 

[k]e -  N'^/Ü/tl/tlt^CDUqJd^W"1 (2.16) 

in which 
dV =   r r 9 z d^,d9,dz, 

s s s 

The Integral portion of eq.   (2. 16) is evaluated by means of the Gaussian 

quadrature formula. 

2.3    Formulation of Essential Matrices for Two-Dlmensional Elementg 

The same relationships as in the preceding section, but with terms 

involving z and w and components of stress and strain in the direction of 
Z-axis eliminated, are used as bases to derive the matrices for two-dimensional 

elements.   Th'$ displacement expression becomes simply 
la. 

Art       fl   r*   9' r^'     0   0   0    0 

\vj       [o   0   0     0        1   r*   9' rM '9 

The matrix [c] reduces to 

(2. 17) 
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Ü 

11 

fc21 

12 

22 

13 

23 

1 
32 33 

»nha 

2t21t22 

2t31t32 

hl^l      t12t22     t13t23     t12t21+tllt22 

»h^M 

2t21t23 

2t31t33 

h 3*2 l"*fc 1^23 

»iiha 

2t22t23 

2t 

hlSl     t12t32     t13t33     t12t31+tllt32      t13t31+tllt33 

32 33 

t13t22+t12t23 

t13t32+t12t33 

SlHl     t22t32     t23t33     t22t31+t21t32      t23t31+t21t33      t23t3?+t22t3i 

Table 'i.3  The Transformation Matrix fTJ 
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FIGURE 2. 6     Stress Tetrahedron 
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(b)    Global coordinates 

T^URE 2. 7    Nodal Coordinutes of Three-Dimensional Element 
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1 -1 -1       1 0 0 0 0 

0 0      0 1 -1 -1 1 

1 -1 1   -1 0 0 0 0 

[c] = 
0 

1 

0      0 

1    1 

1 

0 

-1 

0 

1 

0 

-1 

0 

0 0      0 J 1 1 1 

1 -1   -1 0 0 0 0 

0 
■ 

0      0 1 1 -1 -1 

and its Inverse becomes 

[c] 
-1 ■   ild1 

The formulas for components of strain are now 

du ^ 
or 

(e) ;0 

rl# 

y=^   ^   + r   + räiT 

^rde   +  or    "   rj 
from which the matrix [q] is obtained to be 

[q]   = 

.27 

(2. 18) 

(2. 19) 

(2. 20) 

0 1 
r
S 

0 e 
rs 

0 0 0 0 

I jr_ i' r'e* 0 o 1 r' 
r r r r r9s rO 

s 
0 0 1 

res 

r' 
re 

s ' r r s 

_ r; 
r r 

e-    re* 

(2. 21) 

The elasticity matrix for plane stress is 

[D]   = 
l-v' 

1 

v 

0 

v 

1 

0 

1 
l-v 

2 

(2. 22) 

Similarly,  for anisotropic case 
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-^~ 0 

[D'] 
-1 

J2 
1 

Sym. 

0 

1 
512 

(2. 23) 

With lo) equal to ^o^).   lo*) equal to to^^jl and «i defined 

as in secUon 2. 2, the stress transformation matrix is calculated to be 

[Tl 

in which o = Oj - 0^' 

.  2 sin a 

2 cos a 

-sinacosa 

2 cos a 

sin 

sinacosa 

2 sinacosa 

-2 sinacosa 

.  2 2 sin a-cos a 

(2. 24) 

In the element stiffness expression [eq.   (2. 22)]. 

dV =   rtr e dr'dS s s 
(2. 25) 

in which t is the thickness of the disc. 
It should be noted that all the matrices, except [D]. formed in this 

section could also have been obtained directly from the three-dimensional 

matrices of the preceding section by simply deleting appropriate rows and 

columns of the latter and setting values of certain parameters to zero.   In 

particular, to obtain [c]. rows 3. 6. 9 and 12 to 21 and columns 5 to i and 13 

to 24 of Table 2. 1 ere deleted;   to obtain [q] rows 3. 5 and 6 and columns 5 

to 8 and 13 to 24 of Table 2. 2 are deleted;  to obtain [Tl rows and columns 

3,  5 and 6 of Table 2. 3 are deleted and a2 and a3 are set to zero.   Thus,  by 

adding a few IF statements to and generalizing some indices of a three-dimen- 

sional computer program, the program can be made to work for two-dimensional 

cases as well. 

2. 4     Failure Criteria 

The analysis described in this chapter will be basad on any one or 

combination of the following failure criteria: 
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1. Maximum principal stress theory— 

Under this criterion, an element will be considered failed if one of 

the principal stresses equals or exceeds the strength (elastic limit or yield 

point) of the material making up the element   If tensile failure occurs, the 

modulus of elasticity across the crack is reduced to zero and the stiffness of 

the element is revised accordingly.   The element can therefore no longer 

resist tensile stress (no stress reversal is anticipated) normal to the crack 

but can still take tension or compression in the other directions. 

If failure occurs in compression (crushing), an approximation is made. 

To account for the fact that rock exhibits ductility when subjected to high 

confining pressure, only a portion of the stiffness of the failed element will 

be removed.   A more realistic approach would be to undertake inelastic 

analysis to obtain the actual stiffness of the failed element.   This approach, 

however, presupposes the availability of a stress-strain curve which might 

not be feasible in most rocks.   Indeed,  such curve can only be obtained 

through a triaxial trest and its shape will vary widely depending on, among 

vther factors, the rock type,  shape of specimen, and intensity of confining 

pressure. Stress-strain curves of few rocks are available (1) but only at 

certain confining pressure intensities. 

2. Maximum shearing stress theory— 

This criterion states that failure occurs who i the maximum shearing 

stress in a material equals or exceeds the critical shearing str€!ss.   The 

Coulomb-Na vier (1) version will be used.   This states that shearing failure 

will occur when 

(2. 26) 

in which T    is the critical shearing stress found to be between 2% and 15% 
cr 

of uniaxial compressive strength;  |x is the coefficient of internal friction; 

and ü   and ü   are the major and minor principal stresses.   The above expres- 

sion takes into account frictional resistance to sliding along the failure plane. 
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It should be noted that if ^ 0. that is. there is no frictional resistance, 

the above inequaUty reduces to 

0l-03^2Tcr 

in which the left side is simply the expression for twice the maximum shear- 

ing stress at a point. 
Again, post-failure behavior of elements will be approximated. 

3.     Maximum principal strain theory— 
This could be a better alternative to the first criterion in the sense 

that here effects of the other principal stresses acting normal to the direction 

being investigated are considered.   To illustrate this point, consider Fig.  2. 8. 

Let o   be the critical stress and ee the corresponding strain.    In the first 

figure6, both the first and the present criteria will predict the same failure 

stress,  namely, o. - a#.   In the second figure, the first criterion will predict 

the failure condition B. - 0,. but the present criterion will predict a value 
createrthano   slnc^ failure occurs when (o1 - vo2)^eE.   Similarly, a value 

e 
less than o   will be predicted if o   is in tension. 

FMid elements will be treated the seme way as In the first criterion. 

i 

t 

Figure 2. 8 
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2. 5    Concluding Remarks 

Derived in this chapter are the different matrices needed in the 

development of the finite element program proposed in this report.   Discussion 

of such other integral parts of the program as (a) building up of the global 

stiffness matrix,   (b) determination of nodal displacements and stresses, and 

(c) calculation of principal stresses is omitted because they are discussed 

in detail elsewhere (2, 3, 5, 6). 

An equation solver proposed by Jensen and Parks (6) will be used in 

the program.   The solver contains an optimal nodal renumbering scheme to 

conserve sparsenaas of the stiffness matrix.   Only nonzero terms of the 

matrix are stored and processed. 
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CHAPTER   3 

TWO-DIMENSIONAL PROGRAM 

3. 1     Introduction 

The program described herein was developed as an alternative to the 

two-dimensional program submitted as part of the first annual progress report 

(1).   It contains the following features not found in the earlier program: 

1. Element and node information are generated automatically thus 

avoiding the preparation of voluminous deck of input cards. 

2. Element sizes may vary, allowing for finer mesh in regions where 

stresses are large and coarser mesh elsewhere, for a more efficient solution. 

3. More than one element may fail during each loading cycle. 

No change is made in the failure criteria. 

The element used in the present program is shown in Fig.  2. 1 and 

described in section 2. 3.   The element belongs to the so-called "isopara- 

metric" group. 

3. 2     Description of Program 

The flow of the program is illustrated in Fig.  3. 2.   The total program 

is made up of the main program and four subroutines (complete listing is 

shown in Appendix A).    Each performs the following tasks: 

Main Program 

— generates element ind node numbers in the sequence shown in 

Fig.  3. 1; 

— generates the nodal coordinates, given the radial coordinates of the 

rings and the circumferential coordinates of the radial lines; 

— forms the global stiffness matrix in blocks; 

— calculates the stresses and load factors (ratio of allowable stress 

to principal stress) of each element; 
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•- calculates critical loads, displacements and strains;   and 

- removes 90% of stiffness matrix of failed elements from global 
stiffness matrix. 

Subroutine DISPL 

- evaluates the unknown nodal displacements by the Cr„.ssian 

elimination method and back-substitution. 

Subroutine MATB 

- forms the matrix [q] and the matrix product [D] [q]. 

Subroutine INTEG 

- forms the stiffness matrix of the elements, employing Gaussian 

quadrature formulas in place of actual analytical integration. 

Subroutine UNIFRM 

- generates elastic properties of elements of nonhomogeneous disc by 

means of the random number routine RANUN (2). 

RANUN generates arbitrary random numbers assuming statistically 

uniform distribution.   The first generative number of RANUN can be set to 

any number N by a call to RANUNS(N).    Both RANUN and RANUNS are Madison 

Academic Computing Center (MACC) library routines. 

It should be noted that in numbering the nodes, the center point of 

the disc is multinumbered (see Fig. 3. 1).   This is done because each element 
has to have four nodes. 

The well-known banded matrix technique in solving simultaneous 
linear equations is employed in the program. 

3. 3     Test Problems 

Several problems were run to test the correctness of the program.   The 
results of three are presented here. 

A.     Test Problem No.  1 

A disc,  20 inches in diameter and 1 inch thick, is analyzed.    It is 

required to determine the stress distribution along the line of the load. 
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Poisson's ratio 

Allowable compression 

Allowable tension 

The disc is assumed homogeneous and isotropic. 
Because of symmetry, only a quarter of the disc is considered in the 

analysis.   The quarter disc is divided into 25 rings and 18 equal slices for a 

total of 408 elements and 450 nodes.   The results are shown in Fig.  3. 3. 

B      Test Problem No. 2 (Homogeneous Case) 
A homogeneous disc. 3 inches in diameter.  1 inch thick, and possess- 

ing ehe foUowing elastic properties 
Modulus of elasticity   : 5. 7 x 10   psi 

0.25 

27. 000 psi 
5% of allowable compression 

is analyzed.   The disc is divided into the mesh shown in Fig.  3. 4.   A lisUng 

of the required input data is printed on page 50.   Some of the results of the 

analysis are indicated in the following pages. 

C.    Test Problem No.3 (Nonhomogeneous Case) 
A nonhomogeneous disc. 3 inches in diameter and 1 inch thick,  is 

analyzed.   The elastic properties of the elements vary as foUows: 

Modulus of elasticity   : 5. 5 x 106 to 6. 5 x 10   psi 

0. 23 to 0. 27 

22. 000 to 32. 000 psi 

(allowable tension = 5% of allowable compression) 

Double symmetry is assumed to avoid having to analyze the entire disc 

which would require considerably higher computer expense.   The disc is 

divided into the same mesh shown in Fig.  3. 4.   Several runs were made.   Dur- 

ing each run. a different starting point for the random number generator was 

specified.   The necessary input is listed on page 51.   Results of the analysis 

are indicated in the following pages. 

Poisson's ratio 

Allowable compression 
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(a)   Partial Disc 

FIGURE 3. 1    Standard Scheme for Numbering Nodes and Elements 
of Two-Dimensional Disc 
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Start 

Number elements and 
nodes according to 
standard scheme. 

r-  
Carry out elastic 
analysis due to 
1000 lb.  diametric load. 

*      — 
Calculate lozd factor (LF) 
of each element.    Let LF 
denote critical LF. cr 

T 
Consider elements with LF 
within X% of LFcr as failed. 
X is part of input data 

Calculate critical load (1000. x LFcr) 
and corresponding vertical displace- 
ment at point of load,  horizontal 
strain at center, etc. 

J 
Deduct 90% of stiff- 
nesses of failed 
elements from global 
stiffness. 

Note:   Load factor ti the ratio of allowable 
stress to principal stress. 

FIGURE 3. 2      FLOW CHART OF TWQ-DTMPMSIQNAL PRnnRAM 
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3. 4    Discussion of Results 

The results from Test Problem No.  1 clearly  demonstrate the theoretical 

correctness of the finite element solution formulated in this report.   As can 

be seen from Fig.  3. 3, the elasticity and finite element solutions differ by 

only 6% for o   and 2% for o   at the center of the disc.    By solving the same 

problem several times progressively decreasing element size each time, the 

finite element solution was also found to be convergent. 

The discs analyzed in Test Problems No.  2 and No.  3 are models for 

the Valders limestones studied extensively in the experimental phase of this 

research (Chapter 1).   The elastic properties assigned to the nonhomogeneous 

disc are actual range of values obtained from experiment »while those assigned 

to the homogeneous disc are the mean of these values.   The failure pattern 

predicted by the finite element solution 'Figs.  3. 5 and 3. 6) agrees favorably 

with the actual failure patterns of Brazilian tests.   The critical load, however, 

appears to be underestimated—5730 lbs. and 4400 lbs. for homogeneous and 

nonhomogeneous cases compared to the 6940 lbs. average obtained from the 

experiment.   This seems to indicate that either the 90% factor used to deduct 

the stiffness matrix of failed elements is too high or the failure mechanism 

assumed in the program is not altogether realistic or both. 

The load-displacement curves appear to follow the same general shape 

regardless of material characteristics cr starting point of random number 

generator (see Figs.  3. 7 and 3. 8).   These curves compare favorable with 

those obtained from the experiment at the early stages of loading. 

3. 5     Conclusions 

Based on the several computer runs made, the following conclusions 

are drawn: 

1. Even in its oversimplified form,  the finite element solution is 

capable of predicting the actual failure pattern of Brazilian tests. 

2. With a few improvements in the failure criteria,  there is a strong 



u 

U 

L 

53 

possibUity that the critical load and the load-displacement curve can be 

accurately predicted as well. 
3. In nonhomogeneous cases, the shape or the load-displacement 

curve is not affected significantly by the choice of the starting point of the 

random number generator. 
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Figure 3.5   Progression of Failure in Test Problem No. 2 
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APPENDIX  A 

TWO-DIMENSIONAL PROGRAM LISTING 

The computer program presented here is written in Fortran V language 

specifically for the Univac 1108 computer at the University of Wisconsin - 

Madison.   The program is capable of handling all sort, of staue two-dimen- 

sional loadings,  not Just the diametric loading of the Brazilian test.   Zero 

or nonzero displacements may be assigned to any node making possible solu- 

tions involving portions of the disc only. 
The program requires usage of three auxillaiy storage tapes or drums 

designated by the numbers 10,   11 and 12. 
The listing is complete except for the random number routines 

RANUNOO and RANUNS(N).   These subprograms are provided by the Madison 

Academic Computing Center (MACC). 
A description of the Input and output parameters required in the pro- 

gram is given below. 

Tnput Notations: 

1.   (a)   NCHO 

(b) NWCL 

(c) NST1, NST2 

2.   (a) EM1.EM2 

(b) CS1.CS2 

(c) PR1, PR2 

(d) CTRAT 

(e) T 

(f) TRN 

- Printout code;   0 if only stresses at failed elements 
are to be printed out;   nonzero if stresses at all 
elements are to be printed out 

- Node at which radial displacement is to be computed. 

- Nodes between which strain is to be computed. 

- Range of values of e'jstic moduli. 

- Range of values of allowable compressive stresses. 

- Range of values of Poisson's ratios. 

- Ratio of allü'."«blö tension to allowable compression. 

- Thickness of disc. 

- Maximum percentage variation from largest load factor 
for element to be considered failed;   0 if only one 
element is allowed to fail each time. 
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(g)   DIA 

3.   (a)   IRN 

(b)    NIK(I) 

4.  (a) NELEM 

(b) NTNN 

(c) NNSD 

(d) NNCL 

(e) NE 

(f) NS 

(g)   NC 

(h)    NER 

tt)     NCOD 

5. N 

6. RADNd) 

7. TTANO) 

- Diameter of disc. 

- Total number of elements in vicinity of appüed 
loads. 

- Number of Ith element in vicinity of applied loads- 
specified if run is to be terminated upon failure of 
element;   0 if run is to continue. 

- Total number of elements. 

- Total number of nodes. 

- Total number of nodes with prescribed displacements. 

- Total number of nodes at which concentrated loads 
are applied. 

- Total number of slices portion of disc involved in 
analysis Is divided into. 

- Total number of equal slices whole disc is divided 
into;   0 if disc is not divided into equal slices and 
only a portion of whole disc is involved in analysis- 
any negative number if disc is not divided into 
equal slices and whole disc is Involved in analysis. 

- Total number of rings phi« »no disc is divided into. 

- Least total number of similar consecutively numbered 
elements;   1 in nonhomogeneous and anisotropic 
problems.   This parameter allows the generation of 
stiffness matrix of similar elements only once. 

- Total number of load cycles. 

First generative number of random number routine. 
(Note that this information is supplied only in 
nonhomogeneous problems.) 

- Radial coordinates of rings starting with 0. 

- Circumferential coordinates in degrees of radial lines 
dividing disc into slices.    (Note that this informa- 
tion is supplied only when disc is divided into 
unequal slices.) 
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8.   (a) MR 

(b) NODC(MR) 

(c) CLOAD(MR 

9.   (a) NODBQX) 

(b) DISPOX. I) 

(c)    JJ 

(d)  n 

Output Notations: 

RADIAL 

CIRCUM 

SHEAR 

PRNCP1, PRNCP2 

MAXSHR 

LDFAC 

- 1 for 1st card;   I for 2nd card;   3 for 3rd cari, etc. 

- Number of MRth node with externally applied con- 
centrated load. 

- Magnitude of concentrated load.    (I = 1 in ridial 
direction;   I = 2 in circumferential direction.) 

- Number of DCth node with prescribed displacement 

- Value of prescribed displacement; 200. if displace- 
ment Is not prescribed.    (I = 1 in radial direction; 
I = 2 in circumferentiaJ direction.) 

- Total number of nodes which exactly have the same 
prescribed displacements as NODB and which form 
an arithmetic progression with NODB;   0 if none 
such nodes. 

- Interval of arithmetic progression. 

- Direct stress in radial direction. 

- Direct stress in circumferential direction. 

- Shearing stress. 

- Principal stresses. 

- Maximum shearing stress. 

- Load factor (ratio of allowable stress to actual stress). 

All other output notations are self-explanatory. 
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ion. x2r#s»iR*Df rii-ffftotriii 
181. ir2=.,:»(TTft(rZ l-TTftJTll I 
18?. Tr   tyilfOI»3JOi»t01 
Ifl-». ?<iC    v:-=.e»l6.Z8M9-TTA<ri I » 
IB». ?n7   rirTTAI IlMY? 
i8c. r=«oiitii 
18F. TRiPOl If fl                                                 ..     _    - 

18«. usirr C 121 IN»» itxztntrziftPRf CCR 

18?. LirNC=(I-l l/NFR 
ISO. TF   CLirNC-LirNlll««»llL'»ll«l 
191. ll«i    LrN=LrNC 
l«iZ. CALL    INT^G 
191. C             AOD   FLFMfNT   TTIFFNFSS   HATRI»   TNTO   UPPFR 
194. C                           TRTANGULAR   FüRTIO.V   OF   SlltJI 
IST. HU   Ou   ?19   K=l»4 
19P. 00   ?13   JriiT 
197. KMr(K-ll«2«J 
l?6. KM=(N00(I»K)-ll»2«J-<NfiN-ll»NLB 
199. 00   213   L = lt«J 
2iif». IF fNom itH-KODi I»KI iri:i:i«»2m 
21)1. 214 00 ill   H>=lt2 
2(12. LN:CL-ll»2»K» 
20"». LM=(N00ir.L l-NOOl 11 K I I »2 ♦ »1)1-J« 1 
7114. TF   fLM»21*f 2lft2l2 
20e. 212   ^JKWiLMirStKHtLMMSLIKNfLNI 
Jfifi. 21?   CONTTNUF 
2(j7. 217   rONTTNUF 
21JB. 219   CONTTNUf 
209. NOOCTtl 1--NOOlItl I 
210. lüf   rONTTNUF _                                               _        
m. C»«»i"»rNTRÖOUCF   CSNCFNTRATFO   LOAO^   TÖ  rtTI ••••••••••••••••••••••••• 
212. IF   CNNCLI Ulf lOt 2                                                             „  
21'. 9   00   4   I=ltNNCL 
214. IF    (NOOCIri»2-NLI4»f»f 
21«. 5   FF    (NOOCfl1*2-NT»6f6.4 
21f;, 6   DO   7   J=lt2                                                                                                         __ 
217. TF   f rLOAOdt JIIBttta 
218. 8   KMrfNOOCI ri-ll«2 »J-t^FN-l^NLB 
219. FIKM» = F(KMHCLO*OtItJI 
220. 7   CONTINUF 
221. 4   CONTTNUF 
222. O»»»»',NTR0DUCF   »!OUNOARr^ CONO IT IONS   T 0  S I It Jl AND   n T I • • • •*•'•• 
221. 10   00   14   I=ltNNS0 
2r4. IF   (NODBI I»«2-NLIl4t IBtU                                     
22':. 15   TF   IN008ai»2-.NTli5»16»17 
22f. If   00   15   J=lt2            _._._. 



22*, 
22*, 
2W, 
ist. 

2*t, 

Pi«:. 
237. 

<«in. 
Efl. 

24?. 
ZUM. 
2«{f . 
2««:, 
247. 
2<n. 
2^»,?. 
2«n. 

252. 
25». 
2««l. 
2?r. 
2*fi. 
2J7. 
2,:a. 
2f 9. 
26(1. 
2ei. 
262. 
IIS« 
264. 
is;« 
its« 
2E7. 
It«« 
219. 
27r. 
271. 
27'. 
27?. 
274. 
275. 
276. 
277. 
278. 
27% 
2f)n. 
281. 
lit« 
26'. 

< 7 
211 
?1 
18 

17 

2? 

el 

2B 

:'7 
24 
14 

11 
12 

»3 

C* • • • • 
5U 

1?8 

9r 
TüOn 

rr    (IDO.-ABSIOrSPIT. JlllIß.lB, jr 
KMKNOORf n-l 1*2« J-(NQN-1I«NLR 
PIKMIrDtSPIr.JI 
5(KMfl 1 = 1. 
KKrKM 
TO   19   K=?fN«M 
»(K=KK«1 
r(KK»rF(KKl-S(KM.KI«F|KH| 
S(KM,K»rO, 
KK=KM 
DO   ?0   ULSlftJiai   
KK=KK-1 
TP   IKKI2l.21t22 
^«KKIzFlK«l-SIKK.M»l«OISPCrtJI 
SIKKtNX)SQ, 
CONTlNUf 
CONTINUE 
GO   TO   14    
KRK=NODB(II«2-NT-N3J 
TF   (KRKI23.73tl4 
DO   24   jri,^ 
TF   (lÜ0.-4PS(0rSPf T,jm2>l.24.2F 
KM:(NOOB( r»-l»»2«J-(NBN-ll«igL8 
LRL^KMM-NBM-NLfl 
TF   fLRU2B.?8.?4 
J<K=NL8«1 
LTMlrKK-NLB«1 
OO   ?7   ML=LlHltNRl» 
«K=KK-1 

FfKKUFIKK I-SIKKIML I^OTSPf I.JI 
S CKK.MLISQ« 
CONTTNUe 
CONTTNUP 
CONTTNUF 

IfHITr   UPPFR   BLOCK   ON   TAPF   *VO .SHIFT   UP   LOMF»   BLOCK« •«««««••• • 
URiTF   C10I   CFCNI.ISCN.Mi.HrLNBMI.Nri.NLBT" ~" 
IP   <NTNN»2-NLF.If(J»e(j»3J 
IP   (NTNN«2-NTirQ.50.32 
DO   3?   L=ltNLB 
LL=L«NLB 
fJLU^flkl _ 
PCLLI:0, ~~ ♦  
00   3?  HL = l»N9l» 
SILiML l = S<LL».HL I 
SlUfNLlsOa 
GO   TO   104 '      *        * 
COMPUTE   AND   FPTNT   NOTAL   DI5PLACFKFNTS ••••••••«•••««•«•««• ••.. 
TALL   OISPL "—*-'        * 
IF   (NLB» n.*tt 2C6i 13B 
00   4BtJ   Mjri.NCOO 
PRINT   2,?99iMJ 
FORMAT   ClüHnCrCL*"   NO.tll» 
CRLFriuufllilin, 
IF   rNCH0nS.95t36   
PRINT   '»CKiU 
PORf*AT   tllltt STRESS   S  AT  FLFMFNT   CENTRAL   POtNTl 
PRINT    »002 



67 

i It« 

29?. 
lit» 
281, 
1 tilt 
291. 
2 92. 
29T. 
7 9«i. 
m« 
297. 

3(111. 
llll. 
3(12. 

lilt« 
ir.9« 
Sbf . 
!»I7. 
!JiR. 
HI'), 
ItU« 
311. 
T12. 
31'. 
sin. 
31«. 
3U. 
317, 
21R. 
311. 
SIlu 
Itl« 
722. 
323. 
32«l. 
!2«. 
»^»,. 
327. 
?2P. 
32?. 
33U. 
331. 
»32. 
333. 
■'H. 

33'=. 
33r, 
337. 
3.» P.. 
13'». 

»de 

Stl 

»Pd?    rCP^AT    «£H   rLtMfKr,7H  K AOIALt C» t PHf TPCU «t 6X t EH   SHPAP. 
ir«.fHFKSCf-l.6»i6HrR.MCP2,6)i,6HHAXSHPf6)(,6HLO   FAC I 

or prarND 12 
00 «iFS Ml=ltNFLfK 

^AD  « 121 TN.X l.)ti,yi.r2f etPR.rr«} 
rr CNcn(T.\t«i li«cs«fftfl 

!2   N0r5JrN,ll:A?S(N0DIIh.in 
TCÄz-CCR^CTPAT 
SCRr-cCR 
ro   «JPE   J=l.«i 
KFriMNOm INIJ» »2-11^1 6 
L = ( NOD» fN.JI-l l«2-NLR»(KP-2l 

LTMlrLTM?-! 
TO   UtiB   KrL rvi.L IK« 

r<i<lrS(L tKF» 
CONTTNUr 
DO Bl rri,«i 
OL(ri=a. 
OLft««lsi!a 
00   fill   K:i .7f2 

RISKR/I 
DLf ri rOL( II«C( ItKl l»r (KI 

ott r«mrnnr«ii Mrcr.Ki I.FIKK» 
CONTTNUF 
Ml ICtAffl I 
rciirtnei 
HZ i 
N = l 
CALL   MATR 
oo n  rri,» 
m i-u. 
HD  rii  j:i,8 
zc r irzi n«8T( !• ji «ni (ji 
fONTTNU*" 
!)Ullt«S«ftri«29*l||||./C2it**t«IftM*}| 
DUM2r,«»(Zi II «r (in 
rs-ouK2«nuHi 
rs:nuM2-cuKi 
^SrniJHl 
72(TN»n =?( I I 
Z?( TN«:- »:Z(? I 
7Z(TN,3»=Z|»» 
7zi rN.n i=rs 
7ZrTNtJ»=C« 
7ZI TN.S l=SS 
7R=l,üF-f 
TF   ( TS-7P|Si ,r;,g3 
IF   <fr.«7f:|fr,f 7tr7 

TF   (rCR/CS-TfR/TSIfi2.G7f67 
HLFrrCR/TS 
RCritMIS] 
co m m 
HLTrrCR/C i 

n 

c» 

fr7 

52 
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Ml« 

?%». 

iMT. 
iU 7. 
^«13. 
3*i5« 
Ifila 
Sfl« 
»!ü. 
35». 

1*7. 
Jf F. 
HI. 
Jf II. 
ISt« 
»f 2. 

3£«l. 

»f r. 
367, 
?f B. 

3 7n. 
371. 
37?. 
371. 
37«. 
371. 
3 7f . 
377. 
ilf. 
375. 
7 PH. 
lit« 
»82. 
38"'. 
'BH. 
38«. 
3 8r. 
387, 
38«. 
»8°. 
1511« 

■» e f • 

sn». 

397. 

.«■12.5» 

PCtNT   OF   LOAH   =«F12.5 I 

H   T^    l«f:SC^SI-ZR»C?tFS»Br 

fg   HLF^^BSISCH/S«.» 

KFFtTNl=-l 
ts FCf< = luün»»HLr 

FLOFItNl=HLr 

lOfl]   rORMlT   (I?fBFl?,EI 
•J7 TF    (HLF-CRLFI   GE.ieEtNfi* 

rr: CRLr = HLF 
FCHCrPCR 
NOrTN 

TF   JNCHOni*1 • 122»12- 
17*   FRINT    IZfiFCRG 
12f    FORMAT    ll7HllCRrTICAL   LOAD 

LnA = NMCL»2-l-<NBK-ll«NLn 

l-BKrNLB*L?K 
nsF=PCRG/iüOü.*sHnxtNnKi 

PRTMT iitirif»r<SP 
«IMI«   FORMMnZHijVERT.   OTGrL.   AT 

NBKISCNSTI-IMJ/NLPM 

N9K2 = <NST2-1I»2 Al.!,»l 
LWItsHSTt»2-t-i»f<t-t !••«.■ 
LOK2 = NST2»2-l-«NPK2-l I'NLO 

«BK1=NLB«L&KI 

STRrCSIMRKZ.NRKSI-SCMBKl.NPKlll/IRAniN^T«! 

1-RAOINST1Il«PrRG/lUUU. 
PRINT    MlP^t    ST« 

ItSt   FÜRM4T   IfHWSTMfN   Al   FFNTFR 

JCMSf 
HU «1^7   MK:I«NFLFM 

TF   JNOniMK» Ml IMC 7i HE?» 7r 
7E    TRUN-IFL^FINOI-FLIFCHKIl/FLOFCNOI 

TF   ( Anr.l TRUNI-TRN» 77f 77» ^67 

7 7    JrN = jFN«l 
r.'FLC JENIrMK 
DT   «ir3   f«C=l»TRK 
TF   CMK-NTKMFI HlC8.7P.«ff 8 

78    NAMTHArMK 
GO   TP   «507 

Vf.»   CONTINUF 
Hf7   CClNTTNUF 

Tf    INCHON«« »^r^»01« 

»F12.5I 

2 21. 
«41)111 

91 
»HÜ» 

»tinV 

JwMf'nfMOfHr   FOLLG-INC   rLr.^NTS  HAV-   FATLFOI 

CO   TO   132 

CTRFSSES   AT   FftTL^O   rtf^F^TSI 

»AOrAL»EX.RHCTRCÜM»E)l»EH   SHFAfc. 

ir>l.6MFRNCFl«5)«»?H?RN< 

PRINT   3111)1 
rOhPH   ll%Mr 
rRTKT   300« 

rtMUl  UM ^;"f>"'^V.e)li6HH,„H(,.6,.12Hfttlul,r  ,onf. 

132   TG   «tfS  HftSltJfH 
NirNFLC^.TI 
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; 

TOP 

lee», 

«on« 
ma. 
wi;7. 

Uli?. 
nn«. 
»o? • 

l|t<7. 
«nil« 

«to« 
(ill. 
«II?. 
Nl». 
Ml«. 
Me. 
It«« 
«117. 
un. 
m^. 
«Hi« 
«tt« 
«<?« 

«.:«>. 
«2*. 
ItK« 
M27. 
«12 R. 

«I Mi» 
mi. 
«l?2 . 
• 7"!. 
»»«« 
«llr;. 
«.»r. 

«l!P. 
»I1»« 
««II« 
Mill. 
MM'. 
MMT. 
MMM. 
tm^, 
MMT. 
MM 7. 
MM1). 
M««. 
M^ll. 
«fl« 
M^?. 
Mr», 
M!M, 

ir incMOiiiitn*«^ 
tj»   IF   lHCCtllOMltl*lti«'*i 

ru{"«fir«.C»lt.!.?».»HTfllSTOIII 
<:0   TO   95 

r.o TO  9' . .  -. 
P.ITNT   289.NO.I77<Nn.II.T=l»6l 

?R7 

2Ff 
590 

')2 
285    rOSKÄTCT'.fcri-.^fX^H^HFARI 

12» 
«« 
C7 

f f 

"it 

it 

-    TN   TFNCTPNI 

TN   CnHPRFSSTONI 

IN   SMf«R» 

m« 

'5 0   TO   91 
ir  litfflHOI I§!••*•** 
fMTNT   97.NO 
rOfcMAT    Ct». T'.13H 

r,n  TO 9' 
F•f<T^.'T    68.ND 
FORMAT   lf»tT1«lfM 

CO   TC   91 
PRINT   39.Nf» 
rOHHAT    (FX.T?.11H 

MNfl-l 
TF    |NTNN«2-MRI'«9.M9.M2 

ifZ   LlfNNtNTNN 
rso   Mil   1 = 1 .M 
IF   (N0DIN0. ll-LflW»«!»»*»»^ 

Ml   LfNN^NOOlKO.T I 

Mil   CüNTtNUr 

NNBrJLTNN-l l«:/NL*«l 
IF   INNF-N?>N»MM.M9.MM 

MIL& = N3N-:4N9 
00   »»    rrl»KTLA 
ifirKSFArr   |ti 

CUNT TMtr 

RFO^llni    .FlNl.«SfK,K|.H=l.MB.I.N=Nl.N2l 

rATK^PACr    11« 

VtllVn*"'i*>'* M.i.«.».«!.«»' 
T^N^OIND.l » 
IZ-NOOIN". 2» 
)t';.«i»l9A0<T2 MRAKTl I I 
>2=.e»<,<ft,5,T2 I-RA0<I1 I I 
rjr.r.iTTAI r2»-TTA<Iin 
TF    I y« I29M .29M.29C. 
y::,«-«|F.2e'l0-TTA«rill 

rtsTT%iri i«fi 
FrPHINO. 1» 
PRrFOIND.:» 
CALL    INTFT 
no   ««9   T = l .«• 
r.Q   «i 7   jrl.NNSP 
TF    (N0nfK'O.TI-N0nj«jnM7.MC.M7 

no  ««r   K:1.1 
TF lOIS•^«i•»»•-^o,l•,,,,•M•,1 

KP=tT-l l»2*K 
Oli   71   L - 11 B 

M5 

?9M 
7«r 

b r 

71» 
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1»» . 
«irr. 
t: 7. 
ISS« 

HCl. 
kf.t. 
•ICJ« 
nr. d. 

«•bn. 

M7i;, 
171. 
17?. 
17». 
171. 
1?B. 
•I7r, 
177. 
179. 
I7n. 

911t 
iä~. 
137. 
H91. 
1Pr. 
13'.. 
«JP7. 
«19« 
IB",. 
I"'!. 
1r'l. 
IS-. 
I"». 
im. 
iof. 

7ö 

72 
1-. 
7? 
7" 

•1 l«NH3 

St (KP.LI =ll. 

71 rONTTNUF 
«• rONTTNÜf 
17 CONTINü»" 
ia   CQNTTNUe 

PO   ? S   K = 111 
03   7,J   J = l i< 
KN:(K-ll*2* J 
KIClMOlNOtN »-1 l»i* J-INN6 
Oö   77   L=lt1 
TF   INO'MNOtL I-\01 (NO i K I 17 I »71 171 
00   7r   M»:!.: 
LM=«L-1 l»l«»«l 
LKrtNOneNOtLI -f.0C«N0»KM»2«M)l-J«I 
IF   (L«»7«: .7r »7* 
SCKK.LMI rSIW.LKI-.a'SL CKN.LN» 
CONTTNUF: 
CONTTNU«- 
CüNTTNUF 
6ACK5FACC    III 
ÜrtTTF    lim    (FiN »»JS(N»M||M=1 .NRil» »N=l»Nlfl» 
TF  (NNB-NeNI9z»e?»sr 

32  H^ITF iin»  irfMiisn»t»iiiisii«Ni»itiisiiitiiii 
BACK^PACF    Hl 
DO   11?    KilfMlLA 
PE*n   IKil    I FINI . IS «N»MI »M=l»NH» I »N = l »MBI 

l»c   CCfNTT.MUr 
5 7   NOniNOtll =-NOO«Nr» «»l 

1C1   rONTTNUF 
CALL   niSFL 
IF   IN.BI9,58«')nP»13n 

l".!!   rOKTTSUF 
GO   TO   9^« 

•?|   PR INT    Jaf.NAMCHA 
??r   FüRMÄT    <8H   ri.F»ir\'T. T* i 

111.H   WHICH   IS    IN   ViriNliy   OF    LOAT'   MAS    FAILFO/ 
HÖH   «ÜN   TS   TF^MlNATFni 

95B   SIOF 
FNO 

cv OF COMFILATION: WO     niAGNOSTirS. 
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1. 

y. 
•4. 

f . 
7. 
P. 

• 
If». 
11. 
12, 
I». 
1*'. 
I«. 
If . 
17. 
1^. 
n. 
ru. 
21. 
Zt» 
21. 
2«». 
2r., 
zr. 

?.M. 
n. 
»?. 

I". 
I1:. 
If. 
17. 

m. 
«i?. 
U !. 
««. 

Mr. 

•i a. 
HI. 
•r. 
sx« 
f 2. 
..    . • 

jr 

CüMKON/rOLOr/r^üJf M,|<,NUKBLK»NfG.n«2»tlt). AC ztiiHinui 

7R=1.UF-E 

NF=1 
'«H:KN«NN 
MT:ti;r1j 
KL=NN*1 
Na=i 
TF    (NUMPLK-1151»lET'Ol 

11    .^f.MTNn   11 
RFUTNO   111 

CG   TO   ifn 
r ^F.ourir isuaTTONS gr BLOCKS 

C 1.   «SHIFT   "LOCK   OF   FÜUATTON? 

DO    12f   NrltNN 
N«= NN« N 

R( NMI=(). 
OÜ    12t   M:lt>*M 
MMtM) = 6( NMiMl 
AtNK»MI:|i« 
2.   PFAO   NFXT   3L0CK   TNTO  CORr 
TF   (NUMRLK-NBIl?btlEütlrU 
«FAO   Unl    <nCNI»<AlNiM|iH=l«MM| iNrMLtNHI 
IF   INBIl!*t lUtlf IM 
I.   ^FOUC   BLOCK   OF   FGU«TIONS 

If«   KT=NR0l((»2-INUKFLK-n»NFQ 
NF=Ü 
OÜ   IPü  N^ltMT 
CHFCK   FOP   VFRV   SMALL   03   ZCSO  FLFMFNT   ON  DIAGONAL 
CHrn. 
0 0   lo5    ."1=1? MM 
TF   IfH-ABSIACN«»*»» »9«ltl»»ftl8£ 

qil    CH=A^S< Af^iMI i 
Iff   fONVTNUF 

JDlX-JOSIACNil » »/CH 
If   (XXX-7RJ r?:i£Et2c9 
TF    7-«0   0^   SMALL    QU   DIAGONAL    T^RMINATF 

V   FKINT    :• TPln X XX iN tNP: 
"»(111   FORMAT    «"JH      SMALL   DIAGONAL    - 

iri«4.«i,12H   JK   fuUAT TON. Iff?»!   0F   PLOCKtim 

NF.i-H 
GO   TO    5|i 
NORMAL    FLlMTNATION   PSOCFOURf 
R(Nt:PINI/AfNtll 
00   ?75    L=2tMM 
IF   ( ABS« AlK'tLM-ZR»!?«. !7E» I7E 

T7f   CsAtNiLl/*<Nil I 
::S*L-I 

12 

l««J 

If«! 

PUN 

A(N*1l/MAX   AINtHI    ISt 

; n n 

K:LI^M 



u 
F 7. 

f u. 
PI, 
f 7. . 

( Ü. 

f r. 
r-7. 
FS. 
f ?. 
7r), 
71. 
7^. 
71. 
7(1. 
7^. 
7F. 
77. 
7P. 
7«. 
Pll. 
U. 
Be. 
Ö!. 
84. 
8«. 
3r. 
37. 
9R. 
^^. 

21. 
n?. 

-»•. 

'J'J. 
Kin. 
ii.i. 

72 

TC |l 

37«: 
'oil 

«J!) 

mm 

37 

«•? I. 

11 

7li 

71 

rni/ 

sin 

r.oti 

f* • • • 

F-mrr?» n-A(N,5.»*b'NI 
A ( N t L | ; C 
CONTTNUr 
CuNITNUf 

IF   »NUMRLX-Nß» p««,i|iiü»SU 
«r< I TT    «11 ) (R ( N 11 ( A ( N . M I. M= I , MM I , N= 1 , NN I 
TO   TO    ItHJ 
RACK-SUBITrTUTfON 
CÜ   VfLi   «iritXT 
N:MT«1 -M 
Li::- 
Oü    M-c    K=L1«M« 
LrN*K-l 
OINJ = B(NI-A(W,KJ*3(L I 
CCN'TTNUF 
^5 = MR ♦ 1 
DO   iJECi  Nri.KT 

A(NMtMP) zf-fM 
TF    (NS-NUMRLK I7riqfciltl|cn 
*{NMtMF» r6« NMI 
R(NMUB<NI 
N 8 SW t -1 
TF   llflll«t:Ut5lti}t71 
PACKSPflff    11 
MTr \N 

RF-AH       ' llMrMM , CA(r«,K».M=l,MM|,w:i,NN) 
aarKSFAcr n 
GO   TO   «aiL. 
!<=1 
NNI-NEü-l 
DO   PIIU    rri,f>S0U 

N^FrMMT^l 
IF   CN'MF-? .♦».Tijl f I.J.EHJ, FDI 

NMTrNCG«1 

TONT Tf;uF 
roNTr.Muf 
RFTURN 

 ••*• ••**• ••..••.... ,^,,# 

•*••• * ••••••• »« .•*.•♦..•♦,•,  

:^ OF roMFiiArroN: NO      r'TAGN'USTICS. 
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rüHMCM/JACXP/CHnM J.Rl'tai »FLC3I .SL«8t8>fB«(2»8» 
CÜKMON/PCF AP/PFv.Ft Tt TCR» CC5! 
C0NN0M/KlirN6/>l«ll*fl«f2«MSI »fill •tilltUtll 
r.R:>i l«XZ»x< K» 
r)jM:r»T/«l,-PÄ*H'RI 
IS » i Nl 
,' f = r I \ I 
"It»?!:!«/*? 

Pt?»liru/R<; 

»»Ci ?lryr/KR 
r(2 ,ii i = x> »Yy/'?0 

Mit 7» = i./«R/rz 
2( J .3» = Si)(/RP/yZ 
«?!!. »irn Zt 71 
»11 *u l = n« < #«< I 
?>C?.r |:-r< Zt 11 
PClt^lrl./x:-»»/«?!? 
oc?, 7»:-PC Zi?l 
Bti«ii:vr*afifi i 
00   Zf    Trl»S 
net iir i=pjM»i«nti««P9«Rt2«rn 
P«(?f I»:njy.* IRf I« tMPtvBllt Til 
«iß 11.11=0 :JK •.»: • u.-P a i •« < 3 • r J 
CONTTMIF 

^IVD OF COMFILATTCN: NO     PUGNOSTtCS. 
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si?r?MfTirui.si/.f'if«rw».«MM"^«8"f?s€f' 
PO   7   rrl.3 

TLCTIsn« 
10   «•   K=l»3 

u n> (ftKi-i«. 
0 0   c   j-T«8 
Dl It «II SO« 

• sLf«)«ns<)« 
2   rüNTIMif 

10   31   L = l»3 
K=L 
HlMlrAACMi 
UP.z* t^lS^Vl"! 
t}0   Ti"1   J = l»3 
N:J 
flNtSAAINi 
CÄLl    MATF 
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Hü   ?tl   NCOiSNWll«! 

no in I<K=I »"* 
DUMPrDUMPiBfKKtNROalfB^IKKtNOLI 
niNROMfNCOL l = 0(NflOififNCnLI«nUK2«GUMl 

CON'TTNUF 
CONTTNUr. 
DO F   r=i»7 
J=IM 
DU   E   K=«»3 

6   OIK «n = 0( ItA I 
Ili-1 
no ?r-  i=i «B 

T2=fT-l 1/2*1 
00   24   j:l»3 
00   2?   K = l«4 
Kl=K« 11*4 

5t n)«ir«oi=nMTfjMCii<«T2i*o<KitJi 

24    CliNTTNUr 
TF    ITl-l l?c. »il^l 

21   Tl=-1 
7*    CONTTNUF 

r i=-i 
no   2 3   I=l»8 
ti=n«i 
T2-iT-l»/2«1 
DO   27   o^TtB 
TU   2fi   K=l »4 
K:-K* ri*'-* 
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rr. rf ^LUtXlr^Llw« vl«nil,ttir|l*CIHf tn 
r7. r ^ rONTTNUF 

1— f r. rr  irt»li:t«27t«I 
••• "•? TIT-I 

rn. 23 CONTTNUr 
st« 10    7    t=1.7 
F ?. j:r*i 
£!. TO   7   Krj.-i 
F«l. 7 ^LCftKUSKKf 1» 
p«:. »fTU^N 
»r. TNO 
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'.HO  OF  roMPiLaTT-jia: NC     OTAGNOSTTTS. 
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liiti^OsiTltif    UWTFQMU.Pif I 

r^f TURN 
rNO 

E»5 or tOMPiL STTCN: ( rucf.CJTTfs. 


